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187. 


ON THE SUMS OF CERTAIN SERIES ARISING FROM 
THE EQUATION w=u+tfa. 


[From the Quarterly Mathematical Journal, vol. 11. (1858), pp. 167—171.] 


LAGRANGE has given the following formula for the sum of the inverse n™ powers 
of the roots of the equation æ = u + t/a, 


Z (e) =u + (— nu" foi + (— nu" fuy 5 + &e. (1) 


where n is a positive integer and the series on the second side of the equation is 
to be continued as long as the exponent of w remains negative (Théorie des Equations 
Numériques, p. 225). Applying this to the equation æ= 1 + ta’, we have 


. ] 428-2 | f 


—n\ — Zig on —n+8s—1 n(n—2s+1),, 
ae") = i?) + 19 t 


rs (-)2” (n — qs +q — 1)...(n — qs + 1) ta . [-"+95-4 — &e. (2) 
Is 2.04 
to be continued while the exponent of 1 remains negative. 


Let n=ps+p, p being not greater than s—1, the series may always be continued 
up to g=u, and no further. In fact writing the above value for n and putting 
q=p+ 0, the general term is 


+0 
rs GT (us +'p)(p — Oe +p +0 —1)...(p — Ga -+ I), 


Now if p+m—O@(s—1) is negative or zero, the term is to be rejected on account 
of the index of 1 not being negative, and if this quantity be positive, then since 
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p—9s+1 is necessarily negative for any value of @ greater than zero, the factorial 
(p—9s+p+0—1)...(o—Os+1) begins with a positive and ends with a negative factor, 
and since the successive factors diminish by unity, one of them is necessarily equal to 
zero, or the term vanishes; hence the series is always to be continued up to q= p. 


Hence 


PERAE SEES PN mhl | 2 a P A p.. 


(pte petptg-I]..(u-0e+tp +] ,, 
120.9 
— Xe. (3) 
continued to q= p. 


By taking the terms in a reverse order, it is easy to derive 


(=t E (z-e) = (us +p) KaR (u+p+s8-—2)... 


3...p 2.3...p+8 
er eee —1)...(@+1—-9) E 
.3...(p+q)8 
| — &e. (4) 
continued to q= p. 
Suppose in particular s=2, and t=— a E : , so that the equation in a becomes 
a 
z 3 4 paus fe , whence «=—4 or £= å a , or substituting in (2), we find 
Sal? n (= Ea na+l n(n—3)/a+1\? p 
an an l+3 E A T 3 ( we ) + &e. (5) 
in 4(n—1) 
continued to the term involving (* *) or (= as *) ; 
a a 
Put a= — 28) and therefore 
eee” a+l_ 5b ee ES 
5 Ew o AFRO & (Fb 
we obtain ; j È, 
a” + b” n ab n(n—3) ab? 
(a +b)" S AFIT, (a + bP 1.2 (a+b) RR (6), 
or 


(a a by =a" bn 


3 n—5 
nab (a+b) EEA 


— (a + oy ig 


Pe 4) (n— 5) 


2.3 (a +b) ab? — &c. (7), 


to be continued as long as the exponent of (a+b) on the second side is negative. 
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This formula, which is easily deducible from that for the expansion of cosn@ in 
powers of cos6, is employed by M. Stern, Crelle, t. xx. [1840], in proving the 
following theorem: If 


g=1-2=8 4, 0-9O-9) go 


(8) 


continued to the first term that vanishes, then according as n is of the form 6k + 3, 
6k +1, 6k or 6h + 2, 
Hi GSO, eae eae, (9) 
n n n 


which is in fact immediately deduced from it by writing b= wa, w being one of the 
impossible cube roots of unity. Substituting the above values of æ in the equation (4), 


(1 +a ad (1 + a)? = @p+Dafi+ ri EaU = a + pt RAR EE I) a+) 

(10) 
1 z —1 

(l+ay +(1+a)?= 2p 1+ Ert Pe) yte} 
(11) 

whence 

Q+aph(1+ap=(2p+1)a fi + POP wate 

+ 2p ‘+ ES + aby U suppose, (12) 


Le 
A (—)? (1 +a)? =(—)?#! U or (1+ a)? =(—)? È (—)?" U, 


where A and = refer to the variable p. The summation is readily effected by means 
of the formule 


= (-P4 (2p +1) (p+s+ 1)...(p — 8) =(—)? (p +s+ 1)...(p—s— 1), 
= (-)? (p +8)...(p — 8) 2p =(-)? (p + 8)...(p —8—1), 


and we thence find 


p(p-1) ay- (PtAp e DPA a 
ae sae {1+ 1.2 ine” 1.2.3.4 Otat } 
PPTP E 
tafka OE re a cat: Ae) 
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a formula of Eulers (Pet. Trans. 1811) demonstrated likewise by M. Catalan (Liouville, 
t. Ix. [1844], pp. 161—174) by induction. It may be expressed also in the slightly 
different form 


E (pt+1)p @ , (p+2)(pt+l)p(p-1) -at 
Cart {1+ Tc Fee" 1.2.3.4 Atat } 
ai- (pi @+ Deo) 2 
trea ft 1.2.3 peat: (i) 


The two series (13), (14) are each of them supposed to contain p+1 terms, p being 
an integer; but since the terms after these all of them vanish, the series may be 
continued indefinitely. Suppose the two sides expanded in powers of p, the coefficients 
will be separately equal, and thus the identity of the two sides will be independent 
of the particular values of p, or the equations (13), (14), and similarly, (10), (11), (12) 
are true for any values of p whatever. It is to be observed that the series for 
negative values of p do not differ essentially from those for the corresponding positive 


values; as may be seen immediately by writing —p for p, and = for a. 


Suppose next s=3, or that the equation in æ is «=1+¢##*; to rationalise the 


. _4 (6-1) 
roots of this, assume t= (B43) ° then values of æ are 
ee a ee eet 
OP 3 eT 
and hence 
2" (8 + 1 = (—)" (B a 1)"} a (B? Ls 1)" ma 
(8? + 3)" 
n ee n(n—7)(n—8) ,. E a seit puraat x 
4(B?—1) SNE $ ; 
where t= TFF , and the series is to be continued up to the term involving 


an, pn. or Pe, 


Again, from the formula (4) we deduce the three following forms, 


i S aaa A LE rE s a a 
(=> ao Ju (8 ER 1)** 


gy it _ te mi4 Lan ba AR 1) 4 i kt hat 1)... (u =9+1) 9 ) 
PU TS 2.3.4.5.6 ms 2.3...39 ae 
(16) 
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_p Beh tH Eyre- e aen 


si 2 (BF 1)™ (6 +3) 
(3u +1) {1 - GAD ED Bes 4 Ete 4 q+1) ia.. J (17) 
y BCE IV + IB- DH + Ba 
2 (8° — 1)? (3? + 3) 
(3u +2) fE - Ht) Gt DEEP wile Et (ue pe. te (18). 


all of them continued up to q = x. 


2, Stone Buildings, 1st April, 1857. 
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